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Abstract
In this paper, we introduce two classes of generalized Roper–Suffridge extension operators and prove that
they can be embedded in Loewner chains. In particular, our proof shows that these two classes of operators
preserve starlikeness and spirallikeness of type α on two important classes of Reinhardt domains in Cn,
respectively. Finally, some other related results are given.
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1. Introduction and main results
Let X be a finite dimensional complex Banach space with norm ‖·‖, X∗ be the dual space
of X, B be the unit ball in X, Bn be the Euclidean unit ball in Cn, D be the unit disc in C, R be
the set of all real numbers and Dn be the unit polydisc in Cn. For each z ∈ X \ {0}, we define
T (z) = {Tz ∈ X∗: ‖Tz‖  1, Tz(z) = ‖z‖}. According to the Hahn–Banach theorem, T (z) is
nonempty. Let H(B) be the set of all holomorphic mappings from B into X. A holomorphic
mapping f :B → X is said to be biholomorphic if the inverse f −1 exists and is holomorphic on
the open set f (B). A mapping f ∈ H(B) is said to be locally biholomorphic if the Fréchet deriv-
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Df (0) = I , where I represents the identity operator from X into X. Let S(B) be the set of all nor-
malized biholomorphic mappings. In geometric theory of one complex variable, Loewner chains
serve as a very powerful tool to study univalent functions. It was first established by Löwner [19]
and then developed by Kufarev [11]. In order to investigate biholomorphic mappings of sev-
eral complex variables, Pfaltzgraff [20] generalized Loewner chains to higher dimensions. Later
contributions permitting generalizations to the unit ball of a finite dimensional complex Banach
space were made by Poreda [23]. Finally, Graham et al. perfected this subject and gave various
applications, including univalence criteria and characterizations of subclasses of biholomorphic
mappings.
Let S0(B) denote the subset of S(B) which can be embedded in Loewner chains (see De-
finitions 5 and 6). More exactly, F ∈ S0(B) if there exists a Loewner chain F(z, t) such that
F(z) = F(z,0), z ∈ B . It is well known that in the case of one variable S0(D) = S(D); however,
in Cn, n 2, S0(B)  S(B) [12]. So, generating mappings in S0(B) arouses great interest.
In 1995, Roper and Suffridge [24] introduced an extension operator. This operator is defined
for a normalized locally biholomorphic function f on D by
F(z) = Φn(f )(z) =
(
f (z1),
√
f ′(z1)z0
)′
, z = (z1, z0)′ ∈ Bn,
where z1 ∈ D, z0 = (z2, . . . , zn) ∈ Cn−1, and the branch of the square root is chosen such that√
f ′(0) = 1. The Roper–Suffridge extension operator preserves convexity, starlikeness and prop-
erty of Bloch on Bn, i.e., this operator has the following properties:
(i) if f is a normalized convex function on D, then F is a normalized convex mapping on Bn;
(ii) if f is a normalized starlike function on D, then F is a normalized starlike mapping on Bn;
(iii) if f is a normalized Bloch function on D, then F is a normalized Bloch mapping on Bn.
These results were proved by Roper and Suffridge [24], Graham and Kohr [5]. Until now, we
only know a few concrete examples about the convex mappings, starlike mappings and Bloch
mappings on Bn. However, using the Roper–Suffridge extension operator, we may construct
a lots of concrete examples about these mappings on Bn. This is one reason why people are
interested in this extension operator. After that there are many papers to discuss this operator.
They generalized the Roper–Suffridge extension operators and discussed their properties.
There are some interesting connections with the theory of Loewner chains. Recently, using
the generalized Roper–Suffridge extension operators, Graham, Hamada, Kohr, and Suffridge ob-
tained some normalized biholomorphic mappings which can be embedded in Loewner chains,
precisely, they proved the following results.
Theorem A. [6] Suppose that f ∈ S(D) and β ∈ [0,1/2], then Φn,β(f ) can be embedded in a
Loewner chain, where
Φn,β(f )(z) =
(
f (z1),
(
f ′(z1)
)β
z0
)′
, z = (z1, z0)′ ∈ Bn,
and z1 ∈ D, z0 = (z2, . . . , zn) ∈ Cn−1. The branch of the power function is chosen such that(
f ′(z1)
)β ∣∣
z1=0= 1.
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Loewner chain, where
Ψn,α(f )(z) =
(
f (z1),
(
f (z1)
z1
)α
z0
)′
, z = (z1, z0)′ ∈ Bn,
and z1 ∈ D, z0 = (z2, . . . , zn) ∈ Cn−1. The branch of the power function is chosen such that(
f (z1)
z1
)α∣∣∣∣
z1=0
= 1.
Theorem C. [9] Assume that f ∈ S(D) and α ∈ [0,1], β ∈ [0,1/2] with α + β  1, then
Φn,α,β(f ) can be embedded in a Loewner chain, where
Φn,α,β(f )(z) =
(
f (z1),
(
f (z1)
z1
)α(
f ′(z1)
)β
z0
)′
, z = (z1, z0)′ ∈ Bn,
and z1 ∈ D, z0 = (z2, . . . , zn) ∈ Cn−1. The branches of the power functions are chosen such that(
f (z1)
z1
)α∣∣∣∣
z1=0
= 1 and (f ′(z1))β ∣∣z1=0 = 1.
In the above theorems, the authors also proved that these generalized Roper–Suffridge ex-
tension operators preserve starlikeness on Bn. It is natural to ask: how to construct the convex
mappings and the starlike mappings on some class of more general Reinhardt domains in Cn?
Recently, Gong and Liu studied the generalized Roper–Suffridge extension operators on some
important classes of Reinhardt domains in Cn and obtained some interesting results. In [3,13],
Gong and Liu introduced the family of ε starlike mappings on a domain Ω in Cn and proved that
the following extension operator:
Φ
n, 1
p
(f )(z) = (f (z1), (f ′(z1)) 1p z0)′, z ∈ Ω2,p, p  1, (1)
preserves ε starlikeness, where Ω2,p = {z ∈ Cn: |z1|2 +∑nj=2 |zj |p < 1}, f, z1, z0 are defined
as above. This result solved the open problem posed by Graham and Kohr [5]. In [4,14], Liu and
Gong extended the operator (1) as
Φ
n, 1
p2
,..., 1
pn
(f )(z) = (f (z1), (f ′(z1)) 1p2 z2, . . . , (f ′(z1)) 1pn zn)′,
z ∈ Ω2,p2,...,pn , pj  1, j = 2, . . . , n,
where Ω2,p2,...,pn = {z ∈ Cn: |z1|2 +
∑n
j=2 |zj |pj < 1}, they proved that the above operator
preserves ε starlikeness. In particular, when ε = 0, this operator preserves starlikeness, and when
ε = 1, this operator preserves convexity.
In this paper, using the generalized Roper–Suffridge extension operators, we will obtain some
results on the bounded convex circular domains in Cn, which include many known results on Bn.
From now on, let Ωp1,...,pn = {z ∈ Cn:
∑n
j=1 |zj |pj < 1} (pj  1, j = 1, . . . , n). It is clear
that Ωp1,...,pn is a bounded convex circular domain, and the Minkowski functional of Ωp1,...,pn
is defined by
ρ(z) = inf
{
t > 0:
z ∈ Ωp1,...,pn
}
, z ∈ Cn.t
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The following families play a key role in our discussion:
P = {p ∈ H(D): p(0) = 1, ep(z) > 0, z ∈ D},
M= {h ∈ H(B): h(0) = 0, Dh(0) = I, e[Tz(h(z))] 0, z ∈ B, Tz ∈ T (z)}.
Recently, in [7], Graham et al. have shown thatM is compact.
Firstly, we recall the definitions of a starlike function and a spirallike function of type α on D.
Definition 1. Let f :D → C be a biholomorphic function. If f (0) = 0 and f (D) is a starlike do-
main with respect to the origin in C, then f is called a starlike function. The set of all normalized
starlike functions on D is denoted by S∗(D).
Definition 2. Suppose α ∈ (−π2 , π2 ), t ∈ [0,∞). A biholomorphic function f :D → C is said
to be a spirallike function of type α if for every z ∈ D, exp(−eiαt)f (z) ∈ f (D). The set of all
normalized spirallike functions of type α on D is denoted by Sˆα(D).
Now, we extend the domain D in C to the domain Ω in Cn.
Definition 3. Let Ω be a domain in Cn, 0 ∈ Ω ⊂ Cn, f is a biholomorphic mapping. If f (0) = 0
and f (Ω) is a starlike domain with respect to the origin in Cn, then f is called a starlike mapping
on Ω . Let S∗(Ω) be the set of all normalized starlike mappings on Ω .
Definition 4. Suppose α ∈ (−π2 , π2 ), t ∈ [0,∞). A biholomorphic mapping f :B → X is said
to be a spirallike mapping of type α if for every z ∈ B , exp(−eiαt)f (z) ∈ f (B). The set of all
normalized spirallike mappings of type α on B is denoted by Sˆα(B).
In the theory of Loewner chains, if f is a function (respectively a mapping) which depends
holomorphically on z ∈ D (respectively z ∈ B) and is also a function (respectively a mapping)
of other real variables, it is customary to write f ′(z, ·) (respectively Df (z, ·)) instead of ∂f
∂z
(z, ·)
(respectively the Fréchet derivative of f (z, ·) at z ∈ B).
Definition 5. A family of functions {f (z, t)}t0 is said to be a subordination chain if for all t  0,
f (· , t) ∈ H(D), f (0, t) = 0, f ′(0, t) = et and f (· , s) ≺ f (· , t), 0 s  t < ∞, i.e., there exists
a function v = v(· , s, t) ∈ H(D) such that |v(z, s, t)| 1, v(0, s, t) = 0 and
f (z, s) = f (v(z, s, t), t), 0 s  t < ∞, z ∈ D.
A subordination chain {f (z, t)}t0 is called a Loewner chain if f (· , t) is biholomorphic on D.
In [23], Poreda introduced the definition of Loewner chains on B in X.
Definition 6. A family of mappings {f (z, t)}t0 is said to be a subordination chain if for each
t  0, f (· , t) ∈ H(B), f (0, t) = 0, Df (0, t) = et I and f (· , s) ≺ f (· , t), 0  s  t < ∞, i.e.,
there exists a mapping v = v(· , s, t) ∈ H(B) such that ‖v(z, s, t)‖ 1, v(0, s, t) = 0 and
f (z, s) = f (v(z, s, t), t), 0 s  t < ∞, z ∈ B.
A subordination chain {f (z, t)}t0 is called a Loewner chain if f (· , t) is biholomorphic on B .
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sion operators Φn,α2,β2,...,αn,βn(f ) and Ψn,α2,...,αn(f ), and prove that they can be embedded in
Loewner chains. Especially, as corollaries, we also show that operators Φn,α2,β2,...,αn,βn(f ) and
Ψn,α2,...,αn(f ) preserve starlikeness and spirallikeness of type α on Ω2,p2,...,pn and Ωp1,...,pn , re-
spectively. So, we obtain effective methods to construct the starlike mappings and the spirallike
mappings of type α on Ω2,p2,...,pn and Ωp1,...,pn . Moreover, some other related results are given.
Our main results are the following theorems and corollaries.
Theorem 1. Let pj  1, αj ∈ [0,1], βj ∈ [0, 1pj ] with αj + βj  1, j = 2, . . . , n. If f ∈ S(D),
then FΦ = Φn,α2,β2,...,αn,βn(f ) can be embedded in a Loewner chain, where
Φn,α2,β2,...,αn,βn(f )(z)
=
(
f (z1),
(
f (z1)
z1
)α2(
f ′(z1)
)β2z2, . . . ,
(
f (z1)
z1
)αn(
f ′(z1)
)βnzn
)′
,
and z = (z1, . . . , zn)′ ∈ Ω2,p2,...,pn . The branches of the power functions are chosen such that(
f (z1)
z1
)αj ∣∣∣∣
z1=0
= 1 and (f ′(z1))βj ∣∣z1=0 = 1, j = 2, . . . , n.
Using Theorem 1, it is easy to prove the following corollaries.
Corollary 1. Let pj  1, αj ∈ [0,1], βj ∈ [0, 1pj ] and αj + βj  1, j = 2, . . . , n. If f ∈ S∗(D),
then FΦ = Φn,α2,β2,...,αn,βn(f ) ∈ S∗(Ω2,p2,...,pn).
Corollary 2. Let pj  1, αj ∈ [0,1], βj ∈ [0, 1pj ] and αj + βj  1, j = 2, . . . , n. If f ∈ Sˆα(D),
then FΦ = Φn,α2,β2,...,αn,βn(f ) ∈ Sˆα(Ω2,p2,...,pn).
Corollary 3. Assume f ∈ S(D), Ω = Ω2,p2,...,pn and Φn,α2,β2,...,αn,βn(f )(z) are defined as
above, and ρ(z) is the Minkowski functional of Ω , then
ρ(z)
(1 + ρ(z))2  ρ
(
Φn,α2,β2,...,αn,βn(f )(z)
)
 ρ(z)
(1 − ρ(z))2 , z ∈ Ω.
At present, we do not know whether the operator Φn,α2,β2,...,αn,βn(f ) can be embedded in a
Loewner chain on the more general Reinhardt domain Ωp1,...,pn . However, when we simplify
this operator, the following theorem is obtained.
Theorem 2. Let pj  1, αj ∈ [0,1], and j = 2, . . . , n. If f ∈ S(D), then FΨ = Ψn,α2,...,αn(f )
can be embedded in a Loewner chain, where
Ψn,α2,...,αn(f )(z) =
(
f (z1),
(
f (z1)
z1
)α2
z2, . . . ,
(
f (z1)
z1
)αn
zn
)′
,
and z = (z1, . . . , zn)′ ∈ Ωp1,...,pn . The branches of the power functions are chosen such that(
f (z1)
z1
)αj ∣∣∣∣
z1=0
= 1, j = 2, . . . , n.
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only state them and the proofs are omitted.
Corollary 4. Let pj  1, αj ∈ [0,1], and j = 2, . . . , n. If f ∈ S∗(D), then Ψn,α2,...,αn(f ) ∈
S∗(Ωp1,...,pn).
Corollary 5. Let pj  1, αj ∈ [0,1], and j = 2, . . . , n. If f ∈ Sˆα(D), then Ψn,α2,...,αn(f ) ∈
Sˆα(Ωp1,...,pn).
Remark. Corollaries 4 and 5 tell us how to construct concrete examples of starlike map-
pings and spirallike mappings of type α on Ωp1,...,pn . In [18], the author obtained the result
that the operator Ψn,α2,...,αn(f ) preserves spirallikeness of type α on Dn. Note that when
p1 = p2 = · · · = pn → ∞, Ωp1,...,pn → Dn, thus this result may be regarded as a special case of
Corollary 5.
Corollary 6. Assume f ∈ S(D), Ω = Ωp1,...,pn and Ψn,α2,...,αn(f )(z) are defined as above, ρ(z)
is the Minkowski functional of Ω , then
ρ(z)
(1 + ρ(z))2  ρ
(
Ψn,α2,...,αn(f )(z)
)
 ρ(z)
(1 − ρ(z))2 , z ∈ Ω.
2. Some lemmas
In order to prove the desired results, we first give some lemmas.
Lemma 1. [21] A family of functions {f (z, t)}t0 with f (0, t) = 0, f ′(0, t) = et , is a Loewner
chain if and only if the following conditions hold:
(i) There exist r ∈ (0,1) and a constant M  0 such that f (· , t) is holomorphic on Dr for each
t  0, where Dr = {z ∈ C: |z| < r}, locally absolutely continuous in t  0 locally uniformly
with respect to z ∈ Dr , and∣∣f (z, t)∣∣Met , |z| r, t  0.
(ii) There exists a function p(z, t) such that p(· , t) ∈ P for each t  0, p(z, ·) is measurable on
[0,∞) for each z ∈ D, and for all z ∈ Dr ,
∂f
∂t
(z, t) = zf ′(z, t)p(z, t), a.e. t  0.
(iii) For each t  0, f (· , t) is the analytic continuation of f (· , t)|Dr to D, and furthermore this
analytic continuation exists under the assumptions (i) and (ii).
Lemma 2. [1,23] Let f (z, t) = et z + · · · be a mapping from B × [0,∞) into X such that
(a) f (· , t) ∈ H(B) for each t  0;
(b) f (z, t) is a locally absolutely continuous function of t ∈ [0,∞) locally uniformly with re-
spect to z ∈ B .
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(i) h(· , t) ∈M, t  0;
(ii) for each z ∈ B, h(z, t) is a measurable function of t ∈ [0,∞).
Suppose that
∂f
∂t
(z, t) = Df (z, t)h(z, t), a.e. t  0
and for all z ∈ B , and suppose there exists a nonnegative sequence {tm}, increasing to ∞ such
that
lim
m→∞ e
−tmf (z, tm) = G(z)
locally uniformly on B . Then f (z, t) is a Loewner chain on B and the following inequalities
hold:
‖z‖
(1 + ‖z‖)2 
∥∥e−t f (z, t)∥∥ ‖z‖
(1 − ‖z‖)2 , z ∈ B, 0 t < ∞.
In particular, if f (z) = f (z,0), then
‖z‖
(1 + ‖z‖)2 
∥∥f (z)∥∥ ‖z‖
(1 − ‖z‖)2 , z ∈ B.
Lemma 3. [22] Suppose f ∈ S(D), α ∈ (−π2 , π2 ), a = tanα, then f is a spirallike function of
type α if and only if
f (z, t) = e(1−ia)tf (eiat z), z ∈ D, t  0,
is a Loewner chain. In particular, f is a starlike function if and only if f (z, t) = etf (z) is a
Loewner chain.
The following lemma is the n-dimensional version of Lemma 3.
Lemma 4. [10] Suppose f ∈ S(B), α ∈ (−π2 , π2 ), a = tanα, then f is a spirallike mapping of
type α if and only if
f (z, t) = e(1−ia)tf (eiat z), z ∈ B, t  0,
is a Loewner chain. In particular, f is a starlike mapping if and only if f (z, t) = etf (z) is a
Loewner chain.
Lemma 5. [2] p ∈ P if and only if there exists a nondecreasing function μ on [0,2π] with
μ(2π) − μ(0) = 1 and such that
p(z) =
2π∫
0
1 + ze−it
1 − ze−it dμ(t), z ∈ D.
Lemma 6. [16] Let ρ(z) be the Minkowski functional of Ωp1,...,pn , z ∈ Ωp1,...,pn\{0}, then
∂ρ
∂zj
(z) = pjzj
∣∣ zj
ρ(z)
∣∣pj−2
2ρ(z)
[∑n
pi
∣∣ zi ∣∣pi ] , j = 1, . . . , n.i=1 ρ(z)
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ρ(z) ∈ C1 except for a lower dimensional manifold. Then ρ(z) has the following properties:
(i) ∂ρ
∂z
(λz) = ∂ρ
∂z
(z), λ ∈ [0,∞);
(ii) ∂ρ
∂z
(
eiθ z
)= e−iθ ∂ρ
∂z
(z), θ ∈ R.
Lemma 8. Let Ω ⊂ Cn be a bounded starlike domain with 0 ∈ Ω , and its Minkowski functional
ρ(z) ∈ C1 except for a lower dimensional manifold in Ω¯ . Let h ∈ H(Ω¯) and h(0) = 0. If
e
{
∂ρ
∂z
(z)h(z)
}
 0, z ∈ ∂Ω,
then
e
{
∂ρ
∂z
(z)h(z)
}
 0, z ∈ Ω. (2)
Proof. Since Ω is a circular domain, eiθ z0 ∈ ∂Ω if z0 ∈ ∂Ω , θ ∈ R, by the assumption of
Lemma 8, we have
e
{
∂ρ
∂z
(
eiθ z0
)
h
(
eiθ z0
)}
 0. (3)
From Lemma 7, we know that ∂ρ
∂z
(eiθ z) = e−iθ ∂ρ
∂z
(z), and we may rewrite (3) as
e
{
∂ρ
∂z
(z0)
h(eiθ z0)
eiθ
}
 0. (4)
We consider
A(ξ) = e
{
∂ρ
∂z
(z0)
h(ξz0)
ξ
}
as a function of ξ , where ξ ∈ C, |ξ |  1, then it is a harmonic function of ξ . By (4) and the
minimum principle for harmonic functions, we have A(ξ)  0 for |ξ |  1 and z0 ∈ ∂Ω . Let
ξ = |ξ |eiθ , then
A(ξ) = e
{
e−iθ ∂ρ
∂z
(z0)
h(ξz0)
|ξ |
}
= e
{
∂ρ
∂z
(ξz0)
h(ξz0)
|ξ |
}
 0.
Thus we obtain
e
{
∂ρ
∂z
(ξz0)h(ξz0)
}
 0, |ξ | 1, z0 ∈ ∂Ω. (5)
If z ∈ Ω , then z
ρ(z)
∈ ∂Ω . Inequality (5) is the same as
e
{
∂ρ
∂z
(
ξ
z
ρ(z)
)
h
(
ξ
z
ρ(z)
)}
 0, |ξ | 1, z ∈ Ω.
Letting ξ = ρ(z), we obtain (2). This completes the proof. 
By a straightforward computation, we can prove the following lemma.
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(i) e(1 − w2)(1 − w¯)2 = (1 − |w|2)|1 − w|2;
(ii) e(1 + 2w − w2)(1 − w¯)2 = (1 − |w|2)2 − 2|w|2|1 − w|2.
Proof.
(i) e(1 − w2)(1 − w¯)2
= e(1 − w2)(1 + w¯2 − 2w¯)
= e[(1 − w2)(1 + w¯2)− 2(1 − w2)w¯]= 1 − |w|4 − 2ew + 2|w|2ew
= (1 − |w|2)(1 + |w|2)− 2ew(1 − |w|2)= (1 − |w|2)(1 + |w|2 − 2ew)
= (1 − |w|2)|1 − w|2.
(ii) e(1 + 2w − w2)(1 − w¯)2
= e[1 − (w2 − 2w)][1 + (w¯2 − 2w¯)]
= 1 − ∣∣w2 − 2w∣∣2 = 1 − |w|2(|w|2 + 4 − 4ew)
= 1 − |w|4 − 4|w|2 + 4|w|2ew
= 1 − 2|w|2 + |w|4 − 2|w|2(1 − 2ew + |w|2)
= (1 − |w|2)2 − 2|w|2|1 − w|2.
This completes the proof. 
3. The proofs of main results
Proof of Theorem 1. Since f ∈ S(D), there exists a Loewner chain f (z1, t) such that f (z1) =
f (z1,0) for all z1 ∈ D. Let FΦ(z, t) be defined by
FΦ(z, t) =
(
f (z1, t), e
(1−α2−β2)t
(
f (z1, t)
z1
)α2(
f ′(z1, t)
)β2z2,
. . . , e(1−αn−βn)t
(
f (z1, t)
z1
)αn(
f ′(z1, t)
)βnzn
)′
(6)
for z ∈ Ω2,p2,...,pn and t  0. We shall show that FΦ(z, t) is a Loewner chain.
In view of Lemma 1, it follows that
(a) f (z1, t) is a locally absolutely continuous function of t ∈ [0,∞) locally uniformly with
respect to z1 ∈ D and
(b) for each r ∈ (0,1), there exists a positive constant M0 = M0(r) such that∣∣f (z1, t)∣∣M0et , |z1| r, t  0.
Also there exists a function p(z1, t) such that p(· , t) ∈ P for all t  0; for z1 ∈ D, p(z1, ·)
is measurable on [0,∞), and
∂f
∂t
(z1, t) = z1f ′(z1, t)p(z1, t), a.e. t  0, (7)
and for all z1 ∈ D.
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isfies the absolute continuity hypothesis of Lemma 2. Consequently, using (7), we deduce that
∂FΦ
∂t
(z, t) =
(
∂f
∂t
(z1, t), e
(1−α2−β2)t z2s2(z1, t), . . . , e(1−αn−βn)t znsn(z1, t)
)′
,
where
sj (z1, t) =
[
(1 − αj − βj )
(
f (z1, t)
z1
)αj (
f ′(z1, t)
)βj + ∂
∂t
((
f (z1, t)
z1
)αj (
f ′(z1, t)
)βj)],
j = 2, . . . , n. Because f (z1, t) is a locally absolutely continuous function of t ∈ [0,∞) locally
uniformly with respect to z1 ∈ D, after short computations, we can deduce that, for almost all
t  0,
∂
∂t
(
f ′(z1, t)
)βj = βj (f ′(z1, t))βj−1 ∂
∂z1
(
z1f
′(z1, t)p(z1, t)
)
= βj
(
f ′(z1, t)
)βj [p(z1, t) + z1 f ′′(z1, t)
f ′(z1, t)
p(z1, t) + z1p′(z1, t)
]
,
here we have made use of (7) and the fact that the order of differentiation may be changed,
j = 2, . . . , n. Consequently, we obtain the relation
∂FΦ
∂t
(z, t) = (z1f ′(z1, t)p(z1, t), b2, . . . , bn)′,
a.e. t  0 and for all z ∈ Ω2,p2,...,pn , where
bj = zj e(1−αj−βj )t
(
f (z1, t)
z1
)αj (
f ′(z1, t)
)βj [1 − αj − βj + αj z1f ′(z1, t)
f (z1, t)
p(z1, t)
+ βjp(z1, t) + βj z1p′(z1, t) + βj z1f
′′(z1, t)
f ′(z1, t)
p(z1, t)
]
, j = 2, . . . , n.
Straightforward calculation yields
DFΦ(z, t)
=
⎛
⎜⎜⎜⎜⎜⎝
f ′(z1, t) 0 · · · 0
v2
( f (z1,t)
z1
)α2 (f ′(z1,t))β2
e(α2+β2−1)t · · · 0
· · · · · · · · · · · ·
vn 0 · · ·
( f (z1,t)
z1
)αn (f ′(z1,t))βn
e(αn+βn−1)t
⎞
⎟⎟⎟⎟⎟⎠ ,
and (
DFΦ(z, t)
)−1
=
⎛
⎜⎜⎜⎜⎜⎜⎝
1
f ′(z1,t) 0 · · · 0
w2
e(α2+β2−1)t( f (z1,t)
z1
)α2 (f ′(z1,t))β2 · · · 0
· · · · · · · · · · · ·
wn 0 · · · e(αn+βn−1)t( f (z1,t) )αn ′ βn
⎞
⎟⎟⎟⎟⎟⎟⎠
,z1
(f (z1,t))
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vj = zj e(1−αj−βj )t
(
f (z1, t)
z1
)αj (
f ′(z1, t)
)βj [αj
(
f ′(z1, t)
f (z1, t)
− 1
z1
)
+ βj f
′′(z1, t)
f ′(z1, t)
]
,
wj = zj
[
αj
(
1
z1f ′(z1, t)
− 1
f (z1, t)
)
− βj f
′′(z1, t)
(f ′(z1, t))2
]
, j = 2, . . . , n.
Therefore,(
DFΦ(z, t)
)−1 ∂FΦ
∂t
(z, t)
= (z1p(z1, t), z2[1 − α2 − β2 + (α2 + β2)p(z1, t) + β2z1p′(z1, t)],
. . . , zn
[
1 − αn − βn + (αn + βn)p(z1, t) + βnz1p′(z1, t)
])′
,
a.e. t  0 and for all z ∈ Ω2,p2,...,pn . Let
h(z, t) = (z1p(z1, t), z2[1 − α2 − β2 + (α2 + β2)p(z1, t) + β2z1p′(z1, t)],
. . . , zn
[
1 − αn − βn + (αn + βn)p(z1, t) + βnz1p′(z1, t)
])′
.
Then we have
∂FΦ
∂t
(z, t) = DFΦ(z, t)h(z, t), a.e. t  0
and for all z ∈ Ω2,p2,...,pn . We next show that h(z, t) satisfies the requirements (i) and (ii) from
Lemma 2.
Clearly, h(· , t) ∈ H(Ω¯2,p2,...,pn), h(0, t) = 0, Dh(0, t) = I . Now, we need to prove
h(z, t) ∈M. (8)
Note that Tz = 2 ∂ρ∂z , (8) implies
e
{
∂ρ2
∂z
(z)h(z, t)
}
 0, a.e. t  0 (9)
and for all z ∈ Ω2,p2,...,pn .
By Lemma 6, we need to prove
e 1
2
∣∣ z1
ρ(z)
∣∣2 +∑ni=2 pi∣∣ z1ρ(z) ∣∣pi
{
2|z1|2p(z1, t)
+
n∑
i=2
pi |zi |2
∣∣∣∣ ziρ(z)
∣∣∣∣
pi−2[
1 − αi − βi + (αi + βi)p(z1, t) + βiz1p′(z1, t)
]}
 0. (10)
It is clear that if z = (z1, z0)′ ∈ Ω2,p2,...,pn with z0 = 0, where z0 = (z2, . . . , zn) ∈ Cn−1, then
e
{
∂ρ2
∂z
(z)h(z, t)
}
 0;
hence it suffices to assume that z = (z1, z0)′ with z0 = 0.
In view of Lemma 8, we only need to prove
e
{
∂ρ2
(z)h(z, t)
}
 0, z ∈ ∂Ω2,p2,...,pn , z0 = 0, t  0.∂z
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suffices to prove that
e
{
2|z1|2p(z1, t) +
n∑
i=2
pi |zi |pi
[
1 − αi − βi + (αi + βi)p(z1, t) + βiz1p′(z1, t)
]}
 0.
That is
e
{[
2|z1|2 +
n∑
i=2
pi |zi |pi (αi + βi)
]
p(z1, t)
+
(
n∑
i=2
pi |zi |pi βi
)
z1p
′(z1, t) +
n∑
i=2
pi |zi |pi (1 − αi − βi)
}
 0. (11)
Since p(· , t) ∈P , in view of Lemma 5, we have
p(z1, t) =
2π∫
0
1 + z1e−iθ
1 − z1e−iθ dμ(θ), z1 ∈ D,
where μ is nondecreasing function on [0,2π] with μ(2π) − μ(0) = 1. Using the fact that
z1p
′(z1, t) = 2
2π∫
0
z1e−iθ
(1 − z1e−iθ )2 dμ(θ), z1 ∈ D,
it suffices to observe that (11) is equivalent to
e
2π∫
0
1
(1 − z1e−iθ )2
{[
2|z1|2 +
n∑
i=2
pi(αi + βi)|zi |pi
](
1 − z21e−2iθ
)
+ 2
(
n∑
i=2
pi |zi |pi βi
)
z1e
−iθ
}
dμ(θ) 0.
Since μ is nondecreasing on [0,2π], taking w = z1e−iθ , we have to prove the relation
e 1
(1 − w)2
{[
2|w|2 +
n∑
i=2
pi(αi + βi)|zi |pi
](
1 − w2)+ 2
(
n∑
i=2
pi |zi |pi βi
)
w
}
 0,
|w| 1. (12)
According to Lemma 9, (12) is equivalent to
e 1
(1 − w)2
{
2|w|2(1 − w2)+
(
n∑
i=2
piαi |zi |pi
)(
1 − w2)
+
(
n∑
i=2
piβi |zi |pi
)(
1 + 2w − w2)
}
= 1|1 − w|4
{
2|w|2(1 − |w|2)|1 − w|2 +
(
n∑
piαi |zi |pi
)(
1 − |w|2)|1 − w|2i=2
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(
n∑
i=2
piβi |zi |pi
)[(
1 − |w|2)2 − 2|w|2|1 − w|2]
}
= 1|1 − w|4
{
2|w|2|1 − w|2
(
1 − |w|2 −
n∑
i=2
piβi |zi |pi
)
+
(
n∑
i=2
piαi |zi |pi
)(
1 − |w|2)|1 − w|2 +
(
n∑
i=2
piβi |zi |pi
)(
1 − |w|2)2
}
 0,
hence (9) holds true, that is h(· , t) ∈M.
It is also clear that the mapping h(z, t) satisfies the measurability condition (ii) from Lemma 2.
Since e−t f (· , t) is locally uniformly bounded on D for t  0, there exists a nonnegative sequence
{tm}, increasing to ∞, such that
lim
m→∞ e
−tmf (z1, tm) = g(z1)
locally uniformly on D. Then, by Vitali’s theorem, we have
lim
m→∞ e
−tmFΦ(z, tm) = Φn,α2,β2,...,αn,βn(g)(z)
locally uniformly on Ω2,p2,...,pn . In view of Lemma 2, we deduce that FΦ(z, t) is a Loewner
chain and FΦ(z) = FΦ(z,0), so FΦ can be embedded in a Loewner chain on Ω2,p2,...,pn . We
complete the proof of Theorem 1. 
Remark. When pj = 2, (αj ,βj ) = (α,β), j = 2, . . . , n, Theorem 1 is the part result of [9].
When pj = 2, αj = 0, βj = β , j = 2, . . . , n, Theorem 1 is the part result of [6].
When pj = 2, αj = α, βj = 0, j = 2, . . . , n, Theorem 1 is the part result of [8].
Proof of Corollary 1. Since f ∈ S∗(D), by Lemma 3, we know that f (z1, t) = etf (z1) is
a Loewner chain. From the proof of Theorem 1, we deduce that FΦ(z, t) = etFΦ(z) is also
a Loewner chain. We deduce from Lemma 4 that FΦ ∈ S∗(Ω2,p2,...,pn). This completes the
proof. 
Proof of Corollary 2. Since f ∈ Sˆα(D), in view of Lemma 3, we obtain that
f (z1, t) = e(1−ia)t f
(
eiat z1
)
is a Loewner chain. A short computation shows that
FΦ(z, t) = e(1−ia)tFΦ
(
eiat z
)
,
where FΦ(z, t) is given by (6). In view of the proof of Theorem 1, we conclude that FΦ(z, t) is
also a Loewner chain. We deduce from Lemma 4 that FΦ ∈ Sˆα(Ω2,p2,...,pn). This completes the
proof. 
Remark. In [17,18], the authors proved that the operator Φn,α2,β2,...,αn,βn preserves starlikeness
and spirallikeness of type α on Ω2,p2,...,pn . However, their methods of proof were different from
those of Corollaries 1 and 2.
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result holds. 
Proof of Theorem 2. Since f ∈ S(D), there exists a Loewner chain f (z1, t) such that f (z1) =
f (z1,0) for all z1 ∈ D. Let FΨ (z, t) be defined by
FΨ (z, t) =
(
f (z1, t), e
(1−α2)t
(
f (z1, t)
z1
)α2
z2, . . . , e
(1−αn)t
(
f (z1, t)
z1
)αn
zn
)′
.
With the similar method and reasoning as in the proof of Theorem 1, we prove that FΨ (z, t) is
also a Loewner chain and FΨ (z) = FΨ (z,0), so Theorem 2 is proved. 
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